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Abstract:

This paper contains the last in a series of proofs to demonstrate that P is a proper subset of NP. This
proof relies upon the existence of stochastic answers in the set difference between NP and P. Essentially,
since stochastic answers require both an internal measure of randomness and a likelihood of generation
that is at least as low as their likelihood of occurrence, they cannot be generated by deterministic
automata. Since stochastic answers can be generated by nondeterministic automata, they must belong to
NP but not P. Therefore, P is indeed a proper subset of NP.
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Section 1 Introduction:

In March of this year we proposed redirecting the question of whether or not P is equivalent to NP to
the question of whether or not stochastic answers can be produced deterministically [1]. Essentially, if we
cannot produce stochastic answers deterministically then they must be produced utilizing
nondeterministic means; therefore, P must be a proper subset of NP. We began to publish our proof
regarding this mater in the three publications [2], [3], and [4]. The first part discusses the properties of
deterministic automata with respect to our model [2]. The second part discusses the properties of
nondeterministic automata implemented over a single machine with respect to our model [3]. The second
part discusses nondeterministic algorithms concurrently implemented over multiple deterministic
automata with respect to our model [4]. This paper presents the last in the series of arguments designed to
demonstrate that P must be a proper subset of NP.

This paper is divided into six sections: Introduction, Definitions, Background, Research, Conclusion,
and Future Research. Our Definitions section covers the definitions specifically relevant to this paper,
the Background section covers work done by previous researchers that is relevant to this paper, the
Research section presents the research done by our group, the Conclusion section is a brief synopsis of
the conclusions drawn by our group, and the Future Research section outlines the work that still needs to
be completed.

Section 2  Definitions:

Definition 1. A perfectly random number/symbol is a symbol or numerical value val that belongs to
a set vals of unique values or symbols; where val cannot be reproduced from vals (or generated in an
identical state or valuation) within a series of attempts in any manner that produces an associated
probability of generation greater than 1/|vals|; where |vals| is the cardinality of vals, or the total
number of possible evaluations for val [1], [5].
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Definition 2. A perfectly random set is a set set of values val that belongs to a set vals of unique
values or symbols that cannot be reproduced (or generated in an identical state/valuation) within a
series of attempts in any manner that produces an associated probability of generation greater than
[1(1/|vals|); where [1(1/|vals|) is the product of the individual probabilities associated with the
likelihood of obtaining each individual value val in the set set [1], [5].

Definition 1 and Definition 2 are in contrast to pseudorandom numbers [5] and pseudorandom sets;
which we will refer to in this paper as apparently random numbers and apparently random sets in order to
maintain consistency of verbiage within our argument.

Definition 3. A stochastic answer to a problem Pis an answer that has both the internal quality of
randomness and the external quality of randomness in occurrence such that a problem instance z,e P
cannot be mapped directly to a single, individual given answer _4, but must be mapped to a set .4 of
potential answers whose individual associated probability of generation is proportional to their
individual probability of occurrence [1].

Definition 3 may seem overly customized for this proof, but is actually meant to quantify a more
universal property of the natural world. For example, if we shuffle a deck of cards and then randomly
draw one card form the middle of the deck then the likelihood of our drawn card being any specific value
will be one in fifty two. No matter how long we draw cards, so long as we return our initial card back to
the deck, shuffle the deck thoroughly, and the deck is not a trick deck of cards the likelihood of drawing
any given card will always be one in fifty two.

The randomness of occurrence associated with our card value is a fairly universal property that has a
dramatic influence on quantum mechanics, molecular mechanics, physical chemistry, optics, biology, and
many other disciplines involved in the study of the natural world.

Definition 4. A non-stochastic answer to a problem Pis an answer that can be determined directly from
the supplied problem instance z such that ¢ = 4 [1].

Section 3  Background:

In March of 2011 [1] we proposed a solution to the question regarding the set equivalency of P and NP
by suggesting that the existence of stochastic answers, which are incapable of being generated by a
deterministic automaton, implies that P is in fact a proper subset of NP. The question of the set
equivalence of P and NP has been an open question since it was first pondered by Jack Edmonds [6] in
1965.

We have been working to formalize our proposal [2], [3], [4] ever since our March publication. Here,
we discuss the nature of stochastic answers and present a proof for our theorem that P — NP. We began
to formalize our proof in [2] where we presented the following arguments for deterministic automata:

Lemma1l: A deterministic automaton M can be defined via a Markov game Gy such that each pure
strategy r,a in Gy represents an instance of M over a given input sequence z,: where r,, and z, exist in
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a one-to-one correspondence over all possible acceptable words z, for M, and where each given input
sequence t, is by definition an instance of a problem P,

Lemma 2: The Bayesian game Gg utilized to represent all possible instantiations of a deterministic
algorithm upon an automaton M can be reduced to a pure coordination game over the set /7(P) of
partitions, or algorithms, z, for Gg whenever the identity of the problem Pto be solved by M is known.

We then began to formalize our proof with respect to nondeterministic automata in [3], where we
presented the following corollary:

Corollary 1: A nondeterministic algorithm 7, instantiated on an automaton M can be defined via a
Markov game Gy, such that a) the pure strategies r,, in Gy represent the instances of M over a given
input sequence z,, and where at least one of the stage games G" is a nondeterministic stage game; and b)
any given possible instance of z, on M can be defined by a pure strategy r.< z,.

We continued our formulation of nondeterministic automata in [4], where we presented the following
lemma:

Lemma 3: A nondeterministic algorithm instantiated on a nondeterministic automaton M can be defined
equivalently by a Bayesian game Gg composed of Markov sub-games GyeG where each component
Markov sub-game Gy, is defined over a deterministic algorithm 7, or as a single Markov sub-game Gy

which contains nondeterministic stage games ., qaitiziry -

Note that Lemma 3 is based upon the arguments presented in both [3] and [4].

All of the main structural elements utilized by our proof are taken from temporal logic [7], [8], [9], [10],
[11], [12], [13], [14], [15], [16], [17], [18] and extensive form games. The arguments presented by our
proof are with respect to Bayes-Nash equilibria [19] over our temporal logic structures. For our research,
we are mainly interested in the game theoretic formulations for the various forms of temporal logic [9],
[15], [16], [20], [21], [22], [23], [24].

Section 4 Research:
Section 4.1 Model Structure

The purpose of this section is to provide an overview of the structure utilized by the arguments in this
paper to model automata. For our arguments, we are not concerned about specific implementations or
applications of automata but are concerned with the natural structure of automata in general. As such, we
will consider an automaton M as a generic automaton that is capable of solving any given solvable
problem Pfor an answer 4.

Since Pmust be expressed in a manner that is understandable to M, we will consider an instance of Pas
an acceptable word z: where Pitself is a set of related words. In this manner, the set i of all problems Pis
also the complete set of acceptable words  for our generic automaton M. finite and infinite.

We define M formally according to the quintuple (Q, =, 8, q°, F): where Q is a finite set of states for
M, 3 is Ms input alphabet; & is a state transition function for M: q° is the initial state, or set of initial
states, for M; and F is the set of final, or accepting, states for M such that F < Q. For deterministic
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automata, our transition function will be defined as 5:QxX — Q [18] [25] [26]. For nondeterministic
automata, our transition function will be defined as 8:Qx> — 2° [17].

Since we have not yet applied a specific problem Pto M we are not concerned about our acceptance
condition for M, however, we are concerned about the set T of acceptable words z. From T we construct
our X-tree t for M; where t is defined according to the pair (v, 1) such that v: i —X. We then say that a
run r on t is performed by M if r maps 1 to Q [8] [11]; where r is a single instance of M and the set r of
runs r forms a Q-tree q in like manner as our 2-tree t*.

With our X-tree and our Q-tree defined and characterized, we can now define our high level game
structure. We define our high level game Gg as a Bayesian game over ¢, according to the quadruple (N,
G, & IT); where N is the set of n players for Gg, G is a set of component games for Gg, 4 is a common
prior over all component games that participate in Gg, and /7 is a tuple of partitions z, of Gg for each
agent ieN. We define a partitioning

I1:Pxr—22 )

of Gg as a Bayes-Nash equilibrium _Z° for Gg with respect to 2, and an ordering of the pure strategies of
Gg into partitions =, that define the component games for our current instance of Gg; where each
component game is defined as a Markov game Gy, over the sub-tree defined by the set of pure strategies
r.a€ 7,; and where our set of Markov games, for an instance of Gg, exist in a one-to-one correspondence
with our set of partitions 7z, and are viewed as concurrent game structures with respect to a given problem
P. Here, we will view each partition z, as an independent algorithm implementable on M. For our
purposes, N will always be defined as the set {time, memory}, regardless of our instances of M. Initially,
and before we apply Pto M, $will be defined according to the total likelihood that our players i will play
a pure strategy r, in response to any given problem instance z,; however, after we apply Pto M, thereby
imparting a partitioning 77 (P, r), but before we apply a specific problem instance 2, to M, we will induce
a re-evaluation of % such that & will now only provide support to partitions that may be used in response
to 2. As such, the individual probabilities c; ., associated with each individual pure strategy r, . will now
be proportional to the likelihood that a given pure strategy r,, will be played in response to a given
problem instance z, with respect to 2.

Section 4.2 The High Level Concept

We can answer the question of whether or not P is a proper subset of NP one of two ways: either
P < NP or P =~ NP. If we are to show that P ~ NP then we must show that all problems P € NP have an
associated Bayes-Nash equilibrium 7, that can solve P deterministically while experiencing polynomial
growth of resources (usually with respect to time and memory). If we are to show that P — NP then we
must demonstrate that there exists a problem P such that P cannot be solved by a single deterministic
partition 7.

We can see from Lemma 1 and Corollary 1 that the main difference between deterministic and
nondeterministic automata is that nondeterministic automata require the existence of at least one

' We define a Q-tree q as a pair (Z, r) where r is our set of runs r, Z:r - Q, and r: i — Q. We define a
Q-tree in this manner rather than as was done by Pnueli and Rosner in [11] because we find it more
intuitive to our adaptation for a Bayesian game. That is, a run r can now be interpreted directly as a
sequence of state-input pairs that are easily reinterpreted as pure strategies for our Bayesian game.
Ultimately, defining our Q-tree this way enables us to define the probability distribution for our Bayesian
game on top of our Q-tree instead of as an integral part of our Q-tree.

2 The set of all Bayes-Nash equilibria for Gg will be denoted as A4
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nondeterministic stage game. This translates into Gg requiring that support is applied to at least two pure
strategies for some problem instance z,. It is the existence of this requirement of multiplicity in response
to z, that enables M to behave nondeterministically [3] [4].

We know from the nature of a Bayes-Nash equilibrium that this multiplicity in pure strategy responses
to z,, can only exist if each pure strategy response r,, to z, is equivalently optimal to all other pure
strategy responses to z,. This suggests that we ought to be able to just consolidate our support under one
of said pure strategies and prune the newly unsupported pure strategies from z,. In fact, this is essentially
the suggestion made in the second half of McNaughton’s 1966 paper [27]. The problem with this
suggestion is that we do not know whether or not we can remove the multiplicity in our pure strategy
responses to z; without eliminating Af’s ability to answer P. Specifically, does there exist a problem Pthat
has an associated answer _4 that cannot be produced in a deterministic manner? We will attempt to
answer this question with the example of stochastic answers.

Section 4.3 Stochastic Answers

To address the question of whether or not P is a proper subset of NP, we will begin by investigating the
problem of finding a stochastic answer; such as a perfectly random set of perfectly random numbers. To
clarify our definition of a perfectly random set of perfectly random numbers, a perfectly random set of
perfectly random numbers is distinct from an apparently random set of apparently random numbers in that
a perfectly random set of perfectly random numbers has an internal randomness and a randomness of
occurrence whereas an apparently random set of apparently random numbers will have only a high quality
of apparent or measurable internal randomness associated with it, or a high Kolmogorov complexity
measure [28], [29].

While this is not in opposition to the requirements of a stochastic answer, we can see from Definition 3
that a high Kolmogorov complexity measure does not on its own qualify a value as stochastic.
Specifically, we know from the properties of iterative functions and fractal geometry [30] that a given
function f can exactly reproduce an answer _4 with a high associated Kolmogorov complexity measure
for all instantiations of f. That is, despite having a high Kolmogorov complexity, -4 may be identical for
all given instantiations r,, of M. This is in contradiction to Definition 3; which requires that M is
incapable of reproducing .4 with a greater likelihood than the likelihood of occurrence for 4.

For example, let us say that we create 100 perfectly random three-digit numbers x;, each with an
associated probability of creation of 1/1000 (utilizing the standard base ten digit set with each digit having
a probability of 1/10). Let us then say that we randomly draw five numbers Xss, Xs, Xo0, X31, and X73; €ach
draw having an associated probability of 1/100. Such a draw will have an associated probability of
occurrence:

1 1Y) 1
probability of occurance of A4 =|| — |x| — =—
100) \10 10

We then completely discard all five numbers from our set of perfectly random numbers, restore our
system to the same initial state it was in before we created our initial set of 100 perfectly random
numbers, and then we repeat the process of creating a perfectly random set of perfectly random numbers.
If the average number of times that we draw the sequence [X s, X%, X %9, X 31, X 73], Where X%z = Xs3, X% =
Xa, X9 = X9, X1 = Xa1, and X%s = X75, is at all greater than 10> then our process of generating perfectly
random numbers is not a true random number generator. This is true even if the numbers generated have
the internal quality of randomness or a high Kolmogorov complexity.

Since a deterministic automaton is in its very nature required to reproduce values in a predictable, non-
stochastic fashion, it cannot avoid reproducing the same apparently random set Xss, X4, X209, X31, @nd X3 Of
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apparently random numbers each time it is restored to the same initial state. As such, we are required to
utilize a stochastic, or nondeterministic, automaton to produce the desired perfectly random set of
perfectly random numbers.

Section 4.4 Is P Equivalent to NP?

Looking back at Lemma 2 and Lemma 3 we can see that the question of whether or not P ~ NP is a
question of whether or not, for all problems P Gg contains a Bayes-Nash equilibrium that provides
support to only a single partition , that is determinizable [8], [17], [18], [27]. This implies that if every
problem Pcan be solved by a single component deterministic Markov game Gy then P ~ NP; however, if
there exists a problem Pthat cannot be solved by a single component deterministic Markov game Gy then
PcNP.

Since we know that the optimal algorithmic solution to every given problem P is a Bayes-Nash
equilibrium .4, it is tempting to just say that we can select the deterministic Bayes-Nash equilibrium
associated with any given problem 2. That is, we know that in order for the pure strategies r a1, Moa, -- -
which are able to be invoked in response to z,, to participate in x, said pure strategies r,a1, rga2, ... Must
be equivalently optimal with respect to z,; otherwise, the non-equivalently optimal pure strategies will
decrease the optimality of z,. This implies that we ought to be able to consolidate our support for ra;,
lga2, -.. under a single pure strategy r,.; and prune the newly unsupported pure strategies (rya1, Ivaz,
.. )raq from m,: thereby determinizing z,. In fact, this is essentially another way of describing
McNaughton’s method for determinization presented in [27]. The problem with this statement is that it
assumes that we can determinize Gg without destroying Af's ability to answer P. More specifically, does
there exist a problem P with an associated answer 4 for which we cannot remove the uncertainty built
into Gg, through the multiplicity of pure strategy responses r,, to a given problem instance z,, without
also removing Af's ability to answer Pin a way that satisfies every element of 2? If such a problem exists
then said problem Pmust require a stochastic answer.

To answer this question we will consider the example of the random set of random numbers, presented
in Section 4.3. As discussed in Section 4.3, a perfectly random set of perfectly random numbers cannot
be produced by deterministic means. This implies that we must treat Gg as either containing optimal non-
deterministic sub-game equilibria Gy or containing Bayes-Nash equilibria _4 that applies support to
multiple deterministic sub-games Gy.

Lemma 4: No problem Pthat is defined over a stochastic answer 4 can be solved via non-stochastic, or
deterministic, methods.

Proof:

For the proof of Lemma 4 we will assume that 2is solvable and that there exists a generic automaton M
that has the capability of solving 2. We know from Lemma 2 and Lemma 3 that we can define M with

respect to a Bayesian game Gg defined over the g-tree for M that can be utilized to solve P; however, we
have not shown whether or not Gg must be deterministic or nondeterministic, or if every problem 2 must

have an associated deterministic Bayes-Nash equilibrium 4.

We know from Section 4.3 that for a stochastic answer _4 the valuation for _4 cannot be identical to
previous valuations with a frequency greater than that of the likelihood of occurrence for said valuation of
A (from this point on we will refer to this frequency as the likelihood of generation). The only way that a
valuation for _4 can vary is if there are multiple possible valuations for _4 after the application of z, to Gg;
which can only occur if there are multiple possible pure strategy responses for z,. Since a unique
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valuation for _4 can only come from a unique pure strategy response r,,, we must have at least one pure
strategy response r,; for each unique valuation for 4.

Since the likelihood of generation for any given valuation for .7 cannot exceed the likelihood of
occurrence we must have at least as many unique values for .4 as required to prevent a repetition of any
given valuation within a statistical frequency greater than that of the likelihood of occurrence of 4. Since
each unique valuation must have a corresponding unique pure strategy r,a, that produced said valuation,
we must have at least as many pure strategies that can be invoked by M in response to z, as required to
prevent a repetition of any given valuation at a frequency greater than the likelihood of occurrence of 4
This means that if the likelihood of occurrence for any given valuation is 1/x then we must have at least x
possible valuations for _42°: and therefore x pure strategies I, that can be invoked in response to z,.
Since our deterministic automaton is required to have a one-to-one correspondence between problem

instances z, and pure strategies r,,, as shown in Lemma 1, stochastic answers cannot be generated by
deterministic automata.

Let us assume to the contrary that we can solve P via a single deterministic algorithm z, on a
deterministic automaton. This would imply that our single possible pure strategy response r,, for z, is
capable of generating at least x possible valuations for a stochastic answer _4Z: where _4 has an associated
likelihood of occurrence of 1/x. The ability of r,, to have more than a single valuation is in contradiction
to the definition of our state transition function 3:Q x ¥ — Q for deterministic automata. As such,
deterministic automata are not capable of generating stochastic answers.

Q.E.D

Note that it is tempting to try and argue that a random input sequence z, on a deterministic automaton M
is capable of generating a stochastic answer 4. In response to this argument, note that all of the
arguments presented in the proof of Lemma 4 are independent of the specific input sequence z, (including
all of the arguments in [2] [3] [4]). The reason for this is that, while external randomness can be utilized
by M to produce a pseudorandom answer 4, complete knowledge about the external randomness that
affected M will always allow us to exactly reproduce 4. Essentially, and in consideration of external
sources of randomness, we can redefine a stochastic answer as having a likelihood of generation with
respect to all possible random input sequences z, such that if z, was exactly reproduced in series then the
likelihood of generation for .4 would be less than the likelihood of occurrence of 4.

Lemma 4 leads naturally into the following theorem.

Theorem 1: P is a proper subset of NP.
Proof:

Theorem 1 is a natural derivation of Lemma 4. That is, if no problem P defined over a stochastic
answer _4 can be solved via a deterministic methodology, then there must be a subset of such problems P
that exist in NP but not P. However, let us assume to the contrary that P ~ NP V2. If this is true then
either a) any given problem P defined over a stochastic answer _4 can be solved via a deterministic
partition of Gg or b) there does not exist any such problems Pthat are defined over a stochastic answer 4.

3 ,C1 =Yy .. if y <x then after no more than y unique valuations we will be required to repeat a value for
A, causing our probability of generation for _4 to be less than 1/x.
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a) The ability of a given problem Pdefined as requiring a stochastic answer _4to be solved by a
deterministic partition z,e /7 1is in contradiction to Lemma 4. As such, either there does not exist
any such problem Por Theorem 1 is correct.

b) The denial of the existence of problems defined over stochastic answers is in contradiction to our
example of the perfectly random set of perfectly random numbers. As such, Theorem 1 must be
correct.

Q.E.D

Section5 Conclusion:

In this paper we completed our formalization of the proof proposed in [1]; that is, we completed our
proof that P < NP. More specifically, we demonstrated that problems requiring stochastic answers
belong to NP but not P. Since problems requiring stochastic answers belong to NP/P, P must be a proper
subset of NP.

Section 6 Future Research:

We have completed our proof that P — NP; however, there still remains the question of whether or not
all problems involving non-stochastic answers belong to P or NP. It is our belief that all problems
involving non-stochastic answers do in fact belong to P; however, this has yet to be demonstrated. That
said, we believe that this can be demonstrated by revisiting McNaughton’s 1966 [27] determinization
method with the added consideration of the game structure presented here and the Kolmogorov
complexity [28], [31] of both the problem instance z, and the answer 4.

Additionally, there exists a common belief that Savitch’s theorem [32] additionally proves that P = NP.
With regards to the technical aspects of Savitch’s theorem, our group is in complete agreement; however,
Savitch’s theorem never once considers the existence of random goals. Specifically, Savitch’s theorem is
indisputably correct in the context of problems with associated non-stochastic answers: but not in the
context of problems which require stochastic answers. This oversight of Savitch’s theorem manifests
itself first in theorem 1 of [32] and finally in theorem 4 of [32]. A formal investigation of the effect of
this omission will need to be performed.

For more information on the work presented here please see the author’s website at
http://www.holcombtechnologies.com/Computational%20Equilibria.aspx.
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